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Si 

OO I §1. Introduction 

To search for the solutions of the Yang-Baxter quantum equation, Drinfeld PQ intro- 

^ \ duced the notion of Lie bialgebras in 1983. Since then, many papers on Lie bialgebras 

04 '. appeared, e.g., [HI CEH MM, HH CGS _22l _23J- Witt type Lie bialgebras introduced in [T9] 

■ were classified in [16] . whose generalized cases were considered in [TH [22]. Lie bialgebra 
£3 ' structures on generalized Virasoro-like and Block Lie algebras were investigated in [23| [IT]. 

__i| The Schrodinger-Virasoro Lie algebra [6] was introduced in the context of non-equilibrium 

! statistical physics during the process of investigating the free Schrodinger equations. There 

^ ! are two sectors of this type Lie algebras, i.e., the original one and the twisted one, both of 

(T) . which are closely related to the Schrodinger algebra and the Virasoro algebra, which play 

-_h ■ important roles in many areas of mathematics and physics (e.g., statistical physics) and 

■ have been investigated in a series of papers (5j El 1814101 fT2l fI7| 120] . However, Lie bialgebra 
O ' 

Q\ \ structures on the Schrodinger-Virasoro Lie algebra have not yet been considered. Drinfel'd 
^ ! [2] posed the problem whether or not there exists a general way to quantilize all Lie bial- 
gebras. Although Etingof and Kazhdan [3] gave a positive answer to the question, they did 
not provide a uniform method to realize quantilizations of all Lie bialgebras. As a matter 
of fact, investigating Lie bialgebras and quantilizations is a complicated problem. In this 
paper we shall determine Lie bialgebra structures on the Schrodinger-Virasoro algebra C. It 
is known that every Lie bialgebra structure on the Lie algebras considered in [HI [TBI [181 EH] 
is triangle coboundary. Surprisingly, we find out an interesting fact that not all Lie bialgebra 
structures on the Schrodinger-Virasoro algebra are triangular coboundary. 

The Schrodinger-Virasoro algebra £ [6] is an infinite-dimensional Lie algebra over a field F 
of characteristic with basis {L n , Y p , M n \ n £ Z,p £ \ + %>} and the following non- vanishing 
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Lie brackets 

[L m , L n ] = (n — m)L n+m , [L m , M n ] = nM n+m , 

[L n , Y p ] = (p- \ )Y p+n , [ Y p , Y q ] = (q- p)M p+q . L1 

It has an infinite-dimensional ideal S with basis {Y n+ i, M n \ n £ Z} and a Witt subalgebra 

(the centerless Virasoro algebra) W with basis {L n \ n £ Z}. And FM is the center of C 

Let us recall the definitions related to Lie bialgebras. Let L be any vector space. Denote 
£ the cyclic map of L <g> L <g> L, namely, £(xi <g> X2 <8> X3) = 0:2 ® X3 <S> x\ for xi, X2, ^3 £ and 
r the £wrasi map of L <8> L, i.e., r(x ®y) = y®xioix 1 yEL. The definitions of a Lie algebra 
and Lie coalgebra can be reformulated as follows. A Lie algebra is a pair (L, 5) of a vector 
space L and a bilinear map 8 : L (g) L — > L with the conditions: 

Ker(l - r) C Kero", 5 • (1 <g> 5) • (1 + £ + £ 2 ) = : L <g> L <g> L -> L. 

Dually, a Lie coalgebra is a pair (L, A) of a vector space L and a linear map A : L — > L cg> L 
satisfying: 

ImAcIm(l-r), (1 + £ + £ 2 ) • (1 <g> A) • A = : L -> L <g> L <g> L. (1.2) 
We shall use the symbol "•" to stand for the diagonal adjoint action: 

x ■ (Xa ® &i) = J2([ x > a i\ ® h + a,i (g) [x, 

i i 

A Lze bialgebra is a triple (L, 5, A) such that (L, 0") is a Lie algebra, (L, A) is a Lie coalgebra, 
and the following compatible condition holds: 

A5(x <S> y) — x • Ay — y • Ax, V x, y £ L. (1.3) 

Denote W the universal enveloping algebra of L, and 1 the identity element of U. For any 
r = ^ i aj ® 6j £ L (g> L, define c(r) to be elements oiU ®U ®Uhy 

c(r) = [r l2 ,r 13 ] + [r 12 ,r 23 ] + [r 13 ,r 23 ], 

where r 12 = £V a, <g> ^ ® 1, r 13 = £V a« ® 1 ® &i, ?" 23 = X^i 1 ® a « ® Obviously 

c ( r ) = S( a i> a i] ® ^ ® + ® a i] ® + Yl a i ® a i ® fy]- 

»,j *J i,j 

Definition 1.1 (1) A coboundary Lie bialgebra is a 4-tuple (L, 5, A,r), where (L,S,A) is a 
Lie bialgebra and r £ Im(l — r) C L (g) L such that A = A r is a coboundary of r, where A r 
is defined by 

A r (x)=x-r for x £ L. (1.4) 
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(2) A coboundary Lie bialgebra (L,8,A,r) is called triangular if it satisfies the following 
classical Yang-Baxter Equation (CYBE): 

c(r)=0. (1.5) 

(3) An element r G Im(l — r) C L®L is said to satisfy the modified Yang-Baxter equation 
(MYBE) if 

x ■ c(r) = 0, V x G L. (1.6) 

Denote V = £©£. Then £ and V are both |Z-graded. Denote (see §3) Der(£, V) (resp. 
Inn(£, V)) the space of derivations (resp. inner derivations) from £ to V, and if 1 (£, V) the 
first cohomology group of £ with coefficients in V. For any 6 elements a, a', (3, ft, 7, y- G F, 
one can easily verify that the linear map D : £ — > V defined below is a derivation: 

D(L n ) = {not + 7)M <g> M n + (na f + 7 f ))M n ® M , 

L>(y n _i) = /3M (8 F n _i + ^y n _, ® Mo, 

D(M n ) = 2(/3M g) M n + /3^M„ © M ), iieZ. (1.7) 

Denote P the 6-dimensional space spanned by the such elements D. Let Pi be the subspace 
of P consisting of elements D such that D(C) C Im(l — r). Namely, Pi is the 3-dimensional 
subspace of X> consisting of elements D with a = —a\ (3 = —ft, 7 = —7^. 
The main results of this paper can be formulated as follows. 

Theorem 1.2 (i) Der(£, V) = Inn(£, V) © V and E X {C, V) = Der(£, V)/Inn(£, V) = V. 

(ii) Let (£,[•,•], A) be a Lie bialgebra such that A has the decomposition A r + D with 
respect to Der(£, V) = Inn(£, V) © V, where r e V (mod M © M ) and D eV. Then, 
r G Im(l — r) and D G Pi. Furthermore, (C, [-,-], D) is a Lie bialgebra provided 
D G Pi. 

(iii) A Lie bialgebra (£, [•, •], A) is triangular coboundary if and only if A is an inner deriva- 
tion (thus A = A r , where r G Im(l — r) is some solution of CYBE). 

Note that Theorem ll.2( ii) shows that there exist Lie bialgebras which are not triangular 
coboundary. Moreover, Theorem ll.2( iii) (resp. (ii)) gives a description of Lie bigalebra 
structures determined by Inn(£, V) (resp. P). But one cannot expect that (£, [•, •], A r + D) 
would automatically become a Lie bialgebra even if both (£, [-,-], A r ) and (£, [•, •], D) are Lie 
bialgebras, since the equation in (11.21) does not satisfies the linear relation for derivations. 
This is one of the reasons why it is difficult to classify all Lie bialgebra structures (in case 
when all Lie bialgebra structures are triangular coboundary, the classification of Lie bialgebra 
structures is equivalent to solving all solutions of CYBE (cf. Lemma T2.2I) . which is not done 
even for the Virasoro algebra [T6]). 
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§2. Some preliminary results 

Throughout the paper, we denote by Z + the set of all nonnegative integers and Z* (resp. 
F*) the set of all nonzero elements of Z (resp. F). 

Lemma 2.1 Regard C® n (the tensor product of n copies of C) as an ^-module under the 
adjoint diagonal action of C Suppose r G C® n satisfying x-r = 0, V x G C Then r G FM® ra . 

Proof It can be proved directly by using the similar arguments as those presented in the 
proof of Lemma 2.2 of (23]. □ 



Lemma 2.2 (i) r satisfies CYBE in (O) if and only if it satisfies MYBE in (fOl) . 
(ii) Let £ be a Lie algebra and r G Im(l — r) C C ® £, then 

(1 + £ + £ 2 ) • (l®A r ) -A r (x) =ar- c(r), V x G £, (2.1) 

and the triple (£, [■,■], A r ) is a Lie bialgebra if and only if r satisfies CYBE (11.51) . 

Proof (i) If r satisfies MYBE, by Lemma EU c(r) G FMf. As in [16], one has c(r) = 0. 
The reverse statement is obvious. 

(ii) The result can be found in [U El [16]. □ 

The following technical result gives some descriptions of solutions of CYBE. 

Proposition 2.3 Let r = ^2 ge i z r q G Im(l — r) be a nonzero solution of CYBE, and p be 

the maximal index with r p ^ 0. If p £ Z ; then r p G Uf =0 Vi, where Vi,...,V 5 are subspaces 
spanned respectively by 

L ® L P - L P ® Lo, M ® L p - L p ® M ; 

L ® L p - L p ® L , L ® M p - M p ® L ; 

M ®L P -L P ® M , M ®M P -M P ® M ; 

L ®M P -M p ® L , M ®M P -M p ® .\/„: 

M 3 - ® Mp_j - Mp_j <g> M,- /or a// j G Z. 

// p G | + Z, i/ien r p G Ve U Vy U (Ui e zVg^), where Vq, Vj, V® are subspaces spanned 
respectively by 

L ®Y P -Y P ® L , M <g> Y p - Y p ® M ; 

L fp ® Yi p - Yi p (8) L fp , M fp <g> Yi p - Yx p ® M fp ; 
M ® Y^ - Y p _i ® M^ 

Here and below, we treat L a , Y b as zero if a Z, b ^ + Z . 

Proof First assume p / 0. We can suppose p > otherwise the arguments are similar. Let 
Oj ® bp^i — bp^i ® di be a term in r p with nonzero coefficient, where a«, G {Yj, Mj, Y i _i }. 

Now we prove it case by case. 



Case 1 aj® fe p _j = Lj g L p ^i or 3^_i g ■ 

Changing the sign of the coefficient of aj g Op_j — Op_j g aj if necessary, we may assume 
that i > 0, since p > 0. Moreover, we can assume that i is maximal. Assume that ajgfr p _j = 
Li g L p _j. Then r p cannot contain terms of the form d(Xj g — A p _j g W}) with d £ F* 
and j z, where X, W G {L, M}. Suppose the contrary. We could take a nonzero term 
G?oP0 g W p -j — W p -j ®Lj ) of r p with j 7^ i being maximal, and one could easily see that 
[Li, Xj ] g L p _i g W p ^j would be a term in c(r) 2p with nonzero coefficient, contradicting 
c ( r )2p = 0. In particular, we have shown that the Lj g L p _j — L p _j g Lj is the unique term 
of the form L k g L p _fc — L p _fc ® L^{k G Z) in r p . Thus, = c(Lj g L p _j — L p _j g Lj) G 
£ g £ g £, since the terms of the type L fcl g L fc2 g L fca of c(r) 2p can only be obtained 
from Li g L p _j — L p _j g Lj. It follows that i — p, i.e., d(L p g L — L g L p ) is the only 
term in r p of the form L k g L p _£ — L p ^ k ® L k {k G Z). Applying the similar arguments as 
above to the case Oj g & p _j = 3^_i g ^p+±-i one can see that (g — ® ^j-i 

is the unique term of the form Y k _i g) Y p+ i_ k — Y p+ i_ k g y fc _i(A; G Z). Clearly, one also 
should have c(l^_i <8> ^p+i-j — Y p+ ^i g — 0, which is impossible. Thus, the situation 
di g 6 p _j = g cannot occur. Whence we conclude that r p must lie in the 

subspace spanned by X ®W P — W p ®Xq, where X, W G {L, M}. Furthermore, observe that 
the coefficient of M g M p — M p g M must be zero. Thus, 

r p G Span{L g L p - L p g L , L g M p - M p g L , M g L p - L p g M }. 

Now one can check that either r p G V\ or r p G V%. Namely, r p G V\ U V2. . 

Case 2 Oj g 6 p _j = Lj g M p „j and Case [I] does not occur. 

We claim that LjgM p _j— M p _jgLj is the only term in r p of the form Lj®M p -j — M p _jgLj. 
Indeed, let i be maximal. Then it is not difficult to see that the result holds for i > 0. If 
i < 0, and suppose that there exists j 7^ i such that L J0 g M p _j — M p _j g L J0 is a term in 
r p with nonzero coefficient. Take jo to be minimal. Then Lj g [M p _j, Lj ] g M P _ J0 is a term 
in c(r)2 P with nonzero coefficient, a contradiction. This proves the claim. Now the condition 
c ( r )2 P = yields that c(Lj g M p _j — M p _j g Lj) = 0. It follows that 2 = or p — i = 0, 
i.e., Lj g M p _j — M p _j g Lj is equal to L p g M — M g L p or L g M p — M p g L . Now 
by our assumption that Case 1 does not occur, we need only to consider terms of the form 
M k g M p _ k — M p _ k g M k for all k G Z. It is not difficult to check that the only possible term 
of the form M k g M p _ fc - M p _ fc g M k is M p g M - M g M p . Thus r p G V 3 U V4. 

Case 3 aj g 6 p _j = Lj g Yp_j or Mj g Yp_j. 

In this case, p G | + Z and r p G Span{LygYp_j — lj,_jgLj, Mj(&Y p -j— Y p _j<g)Mj \ j G Z}. 
Assume that aj g 6 P _ j = Lj g Yp_j and i is the maximal integer such that Lj g Y v -i — Y p _i g Lj 
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is a nonzero term in r p . If % > 0, then we conclude that only j < and 2(p — j) = i 
can Lj (g Yp—j — Yp—j (g Lj be a nonzero term in r p . Meanwhile, the condition c(r) 2p = 
yields the coefficient of Lj (g \Yp-i, Yp-j] ® £j i n c ( r )2 P to be zero and so is the coefficient of 
Lj®Y p _j — Yp^j®Lj. If z < 0, then it is easy to see that the coefficient of Lj®Y p _j — Y p _j®Lj 
with j i must be zero. Thus, we conclude that Lj (g Y p _i — Yp_j <g L,i is the only term of 
the form L& (g Y p -k — Yp_£ (g L& in r p . While for the case ctj (g o p „j = Mj (g Yp_j, the same 
result can be obtained. Thus, c(Lj (g Yp_j — Yp_j (g Lj) = 0. It follows from that i = or 
2(p — i) = h i-e., Li (g Yp_j — Yp_j (g Lj is equal to L <g Yp — Yp <g L or Li (g Y L — Y± (g Lj 

with z = |p G Z. In the former case, Mq ®Y p — Y p ® Mq is the only possible nonzero term of 
the form M& (g Yp_fc — Yp_& (g M^ik G Z) in r p , while in the latter case, the only possibility 
is Mj (g Yi — K< <g> Mj. Thus we conclude that r p G 14 U V7 if aj (g 6 p _j = Lj (g Yp_j, otherwise 

r p G . 

Case 4 a, <g 6 p _j = Mj <g> M p _j and Cases U\ and{E do not occur. 

Then one must have r p G ^j e z^(-^?' ® ^p-j ~~ ^p-j ® ^7)5 i- e -5 r p ^ V5. 

Now consider the case p = 0. By the similar argument as in Case [1] one knows that the 

terms of the form Y-i (g Yi „• — Yi , (g Y-i(i G Z) cannot occur in r n . So r n is in the 

2 2 2 2 

subspace spanned by 

{Lj <g L_j - L_j <g Lj, Lj (g M_j - M_j (g Lj, Mj <g M_j - M_j <g Mj | % G Z.} 

Let z be the maximal index such that aj (g 6_j — o^j (g a, is a term with nonzero coefficient. 
We may assume that i > 0, since the case i = is trivial. If Lj <g> L_j — L_j <g> Lj is a term 
of r v with nonzero coefficient and j G Z>o, then by the similar argument as in Case 1 one 
has that Lj (g L_j — L_j (g Lj is the unique term of the form L& (g L_& — L_& (g L& with 
G Z>o and c(Lj (g L_j — L_j (g Lj) = 0. But this implies j = 0, contradicting the choice 
of j. Similarly, for each j G Z* we deduce that Lj <g> M_j — M_j (g Lj cannot be a term of 
r . Thus we conclude that r G Span{L <g> M - M <g L , Mj (g M_j - M_j (g Mj | j G Z}. 
Now one can easily see that either ro G V\ or ro G V5. □ 

Although not all solutions to CYBE in £ can be solved (even in the Witt algebra spanned 
by the set {Lj | % G Z}, cf. [IS]), Proposition 12.31 nevertheless provides us some rule to decide 
when r G Im(l — r) is not a solution to CYBE. Indeed, Proposition 12.31 classifies all possible 
highest components r p of r for which r G Im(l — r) and c(r) = 0. Similarly the form of the 
lowest components r q can also be determined. 

§3. Proof of Theorem [L2] 

Regard V = £(g£ as a £-module under the adjoint diagonal action. Denote by Der(£, V) 
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the set of derivations D : C — > V, namely, D is a linear map satisfying 



D([x, y])=x- D(y) - y ■ D(x) 



(3.1) 



and Inn(£, V) the set consisting of the derivations v- mn , v G V, where v - mn is the inner deriva- 
tion defined by t> inn : x > x ■ v . Then it is well known that V) = Der(£, V)/Inn(£, V), 
where if 1 (£,V) is the first cohomology group of the Lie algebra C with coefficients in the 
£-module V. 

A derivation D G Der(£, V) is homogeneous of degree a G -^L if D(C P ) C V Q + P for all 
p G |Z. Denote Der(£, V) a = {D G Der(£, V) | deg D = a} for a G |Z. Let .D be an element 
of Der(£, V). For any a G ^Z, define the linear map D a : £ — > V as follows: For any fi E C q 
with g G |Z, write -D(/i) = J2 P ^z^p w ^h yU p G V p , then we set D a (fi) = fi q+a - Obviously, 
D a G Der(£, V) a and we have 



which holds in the sense that for every u G C, only finitely many D a (u) ^ 0, and D(u) = 
EaeJ-z ( we ca ^ sucn a sum m P-^P summable). 



V Q . Then for any x n G £„, applying D„ to [L , 

3>n\ — Ti'Xn and using D a (x n ^) G Vn+a, 
we obtain (a + n)D a (x n ) - x n ■ D a (L ) = L ■ D a (x n ) - x n ■ D a (L ) = nD a (x n ), i.e., 
D a {x n ) = 7i nn (x„). Thus D a = 7 inn is inner. 

In the following we always use the symbol "=" to denote modulo F(M <S> M ). Then 
we can claim that Dq(Lq) = 0. Indeed, for any p G |Z and x p G C p , applying Do to 
[L ,x p ] = px p , one has x p ■ D (L ) = 0. Thus by Lemma [2TTI D (L ) = 0. 

Now we claim that for any D G Der(£,V), (13.21) is a finite sum. To see this, one can 
suppose D n = (v n ) inn for some v n G V n and n G |Z*. If 1! = {n G ^Z* | t> n ^ 0} is an infinite 
set, then D(L ) = D (L ) + Y,n£Z> Lo ■ v n = D (L ) + Y, n &> nv n is an infinite sum, which 
is not an element in V, contradicting the fact that D is a derivation from C to V. This 
together with the proposition below proves Theorem II. 2( i). (To complete proof of Theorem 
ll.2( i). one still needs to show Inn(£, V) fl V = {0}. For this, suppose D = u inn G V, where 
u is a linear combination of ® bj for some a iy bj G {L m , Y m _i, M m \ m G Z}. Applying D 

to generators of C and using (11.71) . one immediately obtains D — 0.) 

Proposition 3.1 Replacing D by D — u inn for some u G Vo, one can suppose D G V 
(where T> is defined in (JT7TJ)). 

Proof The proof seems to be technical. We shall prove that after a number of steps in each 
of which D Q is replaced by D — u inn for some u G Vo, we obtain D G V. This will be done 
by some lengthy calculations. 




(3.2) 



First we claim that if a G |Z* then D a G Inn(£, V). To see this, denote 7 = a 



G 
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For any n E Z, one can write D (Y n _i), D (L n ) and D (M n ) as follows 

D (L n ) = Y / (a n ,iL i ® L n _i + 6 n>i U ® M n _i +b{ i M i ®L n „ i + c n>i Mi <g> M n _; + d^jY^i <g> F n _ i+ i ) , 

D (M n ) = £ (e nii Li <g> L„_i + <g> M n _; + /] t Mi <g) L n „; + g n ^Mi ^M^+Zi^i® F n _ i+ 1 ) , 

iez 2 2 

where all coefficients of the tensor products are in F, and the sums are all finite. For any 
n E Z, the following identities hold, 

U ■ (M n <g> M_ n ) = tiM n+1 <g> M_„ - nM n <g> Mi_„, 
Li • (L n <g> M_ n ) = (n - l)L n+ i <g> M_„ - nL n <g> Mi_ n , 
Li • (M n <g> L_ n ) = nM n+1 <g> L_„ - (f + n)M„ <g> Li_ n , 
Li • (L„ ® L_ n ) = (n - l)L n+ i <S> L_ n - (f + n)L n ® Li_ n , 
Li • (r B _i ® yi_J = (n - f )F n+| ® Yi_ n - < 4 ® F 3 /2-n. 

Let A denote the set consisting of 5 symbols a,b,tf,c,d. For each x E A we define M x = 
max{ |p | | xi jP 7^ 0}. For n = 1, using the induction on £ a;gA M x in the above identities, and 
replacing D by D Q — u inn , where u is a proper linear combination of L p <g> L_ p , L p ® 
M p (g> L_ p , M p <g> M_p and Yp_i ® wrfcn P £ Z, one can safely suppose 

ai,i = h tj = b\ k = ci, m = di, n = for 2 ^ -1, 2, j ^ 0, 2, fc + ±1, m ^ 0, 1, n + 0, 2. (3.3) 

Applying D to [L^L^] = — 2L and using the fact that D (L ) = dM <g> M for some 
d G F, we obtain 

{ ((p - 2)a_i 5 p_i - (p + 2)a_i )P + (p - 2)ai iP - (p + 2)ai ):L+p )L p <g> L_ p 

+ ((p - 2)6_i,p_i - (1 + p)6_i,p + (p - l)6i,p - (p + 2)6i,i +p )Lp <g> M_ p 

+ ((p - 1)6 Vi " (P + 2 ) & -i,P + (P " 2 ) fo L " (P + 1)^)^p ® 

+ ((p - l)c_i, p _i - (p + l)c_i iP + (p - l)ci,p - (p + l)ci,p+i + 25 0<p d)M p <g> M_p 

+ ((p - 2)d_ liP _! - (1 +p)d_i iP + (p - 2)rf liP - (p + l)d 1)1+p )y p _i <g> Yi_ p ) = 0. 

In particular, for any p G Z one has 

(p - 2)a_i, p _i - (p + 2)a_i, p + (p - 2)a hp - (p + 2)ai,i +p = 0, 
which together with the fact that {p G Z | a_i iP 7^ 0} is finite, forces 

a_i )P = a_i )0 + 3a_i 5 i + 3a 1)2 = 3a_i _ 2 + a_i -1 + 3ai _i = a_i _i + a__i j0 = (3.4) 
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for p G Z\{— 2, 0, ±1}- Similarly, comparing the coefficients of L p Cg>M_ p , M P ®L_ P , M P ®M_ P 
and Yn_i <S> Yi_„, one has 

^2 2 ^ 

= b\ 7q = 6-i, Pl = 6t lp2 = c_i iP3 = gLi, P4 = 0, 

6_i,o + 26_i _i = 6-1,1 — 6-1 -i = 6^i _i+26L 1 _ 2 = c_i_i+c_i )0 +ci t i+ci )0 - 2d 

. . ' (3.5) 

= 6li,o- 6 -i,-2 = 2d_i,_i+d_i i0 +2di i0 = gLi, +2gLi,i+2g?i )2 = 0, 

for any q G Z, pi G Z\{0, ±1}, p 2 G Z\{0, -1, -2}, Vp 3 G Z\{-1, 0} and p 4 G Z\{0, ±1}. 

Note that Li • (Li g> M_i - L <g> M ) = 0. Replacing D by D + 6_i,i(In ® M_i - 
L ® Mo), one can assume 6_i,_i = 6_i,o = = by (13. 5p . Similarly replacing D by 
A) + 6Li - 2 ( M -i ® A - M o ® L ), one can suppose b_ x _ 2 = 6Li _i = 6_i = 0- Hence 
6_i, p = 6i, p = b_ lp = b\ p = for all p G Z. Applying /} to [L 2 , L_i] = — 3L±, one has 

( (p - 4)a_i, p _ 2 - (3 + p)a_i )P - (p + 2)a 2 , p+ i - (3 - p)a 2 , p + 3ai jP ) L p ® Li_ p 

- ((p + 2)6 2 , p+ i + (2 - p)6 2 , p )L p <g> Mi_ p - ((p + 1)6^+1 + (3 - p)bl p )M p <g> Li_ p 
+ ((p - 2)c_i iP _2 - (1 +p)c_i, p - (p + l)c 2 , p+ i - (2 -p)c 2 , p + 3ci, p )M p <g> Mi_ p 

+ ((p - 7/2)d_ 1)P _ 2 -(3/2 + p)d-i, p -(p + l)d 2 , P+ i-(3 - p)d 2 , p + 3di, p )F p _i <g> F 3/2 _ p ) = 0. 



By computing the coefficient of L p ® Li_ p and using (13.31) . (13. jj) , and that {p | a 2 p 7^ 0} is 
finite, one has 

= a 2 , p = a_i,_ 2 = a_i,i for p G Z\{0, ±1, 2, 3} 

= 4a 2 ,_i - (3a_i, - a 2 , ) = 2a 2 ,i + 3(a_ 1)Q + a 2 , ) (3.6) 
= a 2 , 2 - (2a_i, + a 2 , ) = 4a 2 , 3 + (5a_i, + a 2 , ). 

Similarly, one can obtain that 

= = 0, (3.7) 

^2, P i = 6 2p2 = c 2 , P3 = d 2 , P4 = 0, (3.8) 

6 2 ,o + 36 2 ,_i = 6 2 ,i - 36 2 ,-i = 6 2 , 2 + 6 2 ,-i = 4,o + 4,3 = 4,i ~~ 3 4,3 = 4,2 + 3 4,3 
= c 2 ,i - (3ci, - c_i,o - 2c 2 , ) 

(3.9) 

— 2c 2 , 2 — (3ci,i — c_i,_i — 3ci,o + c_i,o + 2c 2 ,o) 

= d 2 ,i - 3(2di, - d 2>0 ) = d 2 ,2 + 3(2di, - d 2) o) = d 2 , 3 - (4di,o - d 2 ,o) = 0, 
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for anypi G Z\{±1, 0, 2},p 2 G Z\{0, 1, 2, 3},p 3 € Z\{0, 1,2} and p 4 G Z\{0,1,2,3}. From 
the equation [Lj.,L_2] = — 3L_i, we obtain 

J] ( (p - 2)a_ 2 ,p-i - (3 + p)a- 2 ,p - (p + 4)ai >p+2 + (p - 3)oi )P + 3a_ liP ) L p <g> L_i- P 

+ ((p - 2)6_ 2iP _ 1 - (2 + p)b- 2 , p )L p ® M_x_ p + ((p - 1)&L 2j ,_x - (3 + p)bl 2tP )M p ® L_ x _ p 
+ ((p - l)c_2, p _i-(2 + p)c_ 2 , p - (p + 2)ci iP+2 + (p - l)c iiP + 3c_i iP )M p <g> M_!_ p 

+ ((p-2)d_ 2iP _ 1 -(2+p)d_ 2 , p -(p + 5/2)d 1)P+2 +(p-5/2)d liP +3d_ liP )y p _i®y_ p _i^ = 0. 
It follows from the above formula and (I3.3p - fl3.7l) that 



a ±x,p = d±i, p = 0, 




(3.10) 


a -2,pi — b-2,p 2 — ^-2, P3 = C -2,p 4 = d- 


-2,p B — 0' 


(3.11) 


2,1 = a-2,-2 + 4a_ 2; i = a_ 2 ,-i - 6a_ 2) i = 


: a-2,0 + 4a„ 2> i 




= b-2,-1 + 36_ 2) _ 2 = o_2,o — 36_ 2i _ 2 = 


: b-2,1 + b-2,-2 




= b\_ 2 + 36l 2i _ 3 = bl 2> _ x - 36l 2> _ 3 

= c -2,-l — (SC-i^x — 2c_ 2 ,-2 — Cl,l) 


= b-2,0 + ^-2,-3 


(3.12) 



= 2c_ 2i0 - (3c_i, - c 1(Q - 3c_i _a + 2c_2,_2 + Cl,l) 

= d—2,— 1 + 3<i_ 2 _ 2 = d-2,0 ~ 3<i_ 2) _ 2 = d_ 2 j + d—2—2 = 0, 

for all p G Z, pi G Z\ {-3, -2, 0, ±1}, p 2 G Z\{-2,0,±1}, p 3 G Z\ {-3, -2, -1, 0}, p 4 G 
Z\{-2,-l,0}, p 5 G Z\{-2,0,±1}. Applying D to [L 2 ,L_ 2 ] = -4L , one has 

^ ( ((p - 4)a_ 2jP _ 2 - (p + 4)a_ 2jP - (p + 4)a 2iP+2 + (p - 4)a 2iP )L p <g> L_ p 

+ ((p - 4)6_ 2iP _ 2 - (p + 2)6_ 2iP - (p + 4)6 2iP+2 + (p - 2)b 2 , p )L p ® M_ p 

+ ((P - 2)6l 2|P _ 2 -(p + 4)6l 2)P -(p + 2)4 >p+2 + (p - 4)6 2 JM P ® L_ p 

+ ((p - 2)c_ 2 , p _ 2 - (p + 2)c_ 2 , p - (p + 2)c 2 , p+2 + (p - 2)c 2iP + Ad5 0p )M p ® M_ p 

+ ((p - 7/2)rf_ 2iP _ 2 -(p + 5/2)d_ 2 , p - (p + 5/2)rf 2 , p+2 + (p - 7/2)rf 2 , p )c/ p _i ® Fi_ p ) = 0, 
which combined with (13. 6p and (I3.8p - fl3.12p yields the follows: 

b±2, P = bl 2jP = 0, VpGZ, 
a-2,1 + a 2 ,-i = C-2-1 + C24 = rf- 2 ,- 2 + d 2 ,o = 0, (3.13) 

C 2 ,0 + C 2;2 + C_ 2i o + C-2-2 = 2d. 
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Set u = L_i (g) L\ — 2L Q ® L + Li <8> L_i. Observe that L±i • tt = 0, so, by equations 
(ED, flSTTOD . f[3TT2]) and (15351) . one can assume 

a 2,-l = ^2,0 = a 2,l = a 2,2 = Q-2,3 = a -2,-3 = a -2,-2 = a -2,-l = 0-2,0 = a -2,l = 0, 

when D is replaced by D + a 2,-i(^-i®-^i — 2L (g)L +L 1 ®L_ 1 ). Similarly, set w = Yi®Y_i — 

Y_i (g> Fi, one can assume di o = d 2 \ = d 2 2 = d 2 3 = gL 2 -2 = d-2 -1 = d- 2 = d_ 2 1 = 0. 

22 ' ' ' ' ' ' ' 

Hence so far we have obtained that a±x tP = a± 2tP = b±i jP = b± 2)P = ^±i, P — ^±2, P = d±i jP = 
d±2, p = for any p G Z and 

C-1,-1 + c_i >0 + Ci 5 i + Ci j0 -2d = c ltP = c_i _ p = V p G Z\{0, 1} 

c 2 , P = c_ 2 ,- p = VpeZ\{0,l,2} 

= c 2,i — (3 c i,q — c -i,o — 202,0) = 2c2,2 — (301,1 — C-i-i — 301,0 + c -i,o + 202,0) 

= C-2,-1 - (3c_i_i - 2c_ 2 _2 - Ci,i) = 2c_ 2 ,o - (3c_i )0 - ci i0 - 3c_i _i + 2c_ 2 ,-2 + Ci,i) 

= C_2-l + C 2 ,l = C 2 , + C 2 ,2 + C_ 2 ,0 + C-2 -2 - 2d. (3.14) 

It follows from by repeatedly applying adLi to L 2 and using the fact that for all n G Z 
D (L n ) is a finite sum that c 2i i = 0. Hence by (13.141) . c_ 2 ,-i = 0. Now replacing c_ti >0 , 
c ±i,±i> c ±2,o an d c ±2,±2 by 7±a, ^±0^, 7±2a and ft ±2a^ in (I3.14p respectively, D (L±i) 
and D Q (L± 2 ) have the following more concise expressions: 

D (L±) = (7 ± a)M ® M ± i + ( 7 t ± a t)M ±1 ® M , (3.15) 
A)(£± 2 ) = (7 ± 2a)M ® M ±2 + (7 ± 2at)M ±2 ® M . (3.16) 

Thus for any n G Z one can deduce D (L n ) = (not + 7)M ® M„ + (n«t + ft))M n ® M , 
since W can be generated by L±i and L± 2 . 

To prove the proposition we still need to show D (Yi) = /3M <S>Yi+ftYi<g>M . Applying 

D to [L m , Y n _i] = (n — (m + l)/2)Y n+m _\ and noticing that Y n _i ■ D§L m = 0, we obtain 

(i - 2m)a nii _ m + (n-i-(m + l)/2)a n>i -(n-(m + l)/2)a n+rri:i = 0, 
(i - (3m + l)/2)a^_ m + (n - m - i)"^ - (n - (m + l)/2)a^ + ■ = 0, 

(3.17) 

(1 - m)(3 n ,i_ m + (n - 1 - (m + l)/2)/3 n>i - (n - (m + l)/2)(3 n+mti = 0, 
(i - (3m + l)/2)/3j ii _ m + (n - i)ft Hji - (n - (m + l)/2)/?l +m , = 0. 

In the above equations, putting n = m = 1 and using the fact that the rank of {xi )P | x = 
a, ft, (3 or ft} is finite, one has 

"1,1 + ai, = ot\ x + a\ = 0, 

(3.18) 

«i, P1 = 4, Pl = Pi, P 2 = Pl, P3 = 0, V Pl g z\{o, 1}, p 2 e z\{0}, p 3 e z\{i}. 
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Similarly, letting m — — 1 and n — 0, then one has 
a ,-i + ao,o = «o i + a o o = °> 

(3.19) 

«o, P1 = e*J, P2 = = #L = °> v Pi e z \{°' -!}> e z\{0, l}, p 3 e z\{o}. 

Taking n = 1 and m = — 1, one has a^o = — «o,o> c4o = a o,o> A,o = A),o> /^J 1 — Po o- Thus 
L>o(Yi) and D (Y_i) can be written as 

D (Yi) = -a 0fi L <g> Yi + a ,o^i ® V_i + aj^-i <8> ^1 - c^o^i ® ^0 

+(3 ,oM <g> yi + /3j )0 y <8> M , 

^o(y_i) = -«o,o^-i ® yi + «o,o^o <E> Y_i - a\ fi Yi <g> L_i + aj j0 y_i ® £ 

+A> )0 m <g> y_i + ^ y_i ® m . 

While for M n we have 

(i-2m)e nti _ m + (n-m-i)e nt i-ne n+mt i = (i - 2m)/ ni! _ m +(n - i)/ n>i - nf n+m<i = 0, 

(i - (3m + i)/2)h n>i - m + (n - i - (to - l)/2)h n>i - nh n+m>i = 0, (3.20) 

(* - m )fl,i- m + ( n - m - i)fli- n fl+ m ,i = (i~ m)g nti - m +(n - i)g n>i - ng n+m>i = 0. 

For fixed n — 0, putting m = 1 and to = —1, respectively, one can deduce 

eo -1 - e ,i = e ,o + 2e ,i = ^0,1 + ^0,0 = 0, 

e , P1 =fo, P2 = fl P2 =go, P3 = h 0iP4 = 0, Vpi G Z\{0, ±1}, p 2 G Z, p 3 G Z*, p 4 G Z\{0, 1}. 
Thus D (M ) can be written as 

D (M ) = eo.iL-1 <8> -Li - 2e ,iL <g> L + e ,i-Li <g> L_i + g ,oM <g> M 

-/io Xi <S> Yi + h 1Y1 <g> y_i . 

'22 '2 2 

Applying _D to the equation [y_|, Yi] = M , we get 

3 

eo,i = 0,^o,o = 2(/3 ,o + A),o)> V = -(«o,o - « ,o)- 
Thus, one can rewrite D (M ) as 

D (M ) = 2(/3 ,o + A),o) M o <8> M - /i ,i7 1 <g> Yi + h 0;1 Yi <g> y_i. 
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Notice that [M ,Yi] = 0, applying D to which one would have /i ,i = 0, that is to say 
a o,o = a lfl- So we can further simplify D (Yi), D Q (Y_i) and D (M ) as follows: 

D {M ) = 2(/3 0j0 + /4fl)Mo ® M , 

D (Yi) = -a L ®Yi+a Q L 1 <g> F_i + a o^i ® £1 

2 2 ' 2 ' 2 

-a 0j0 Yi <g> L + A), M ® Yi + /Sj Yi ® M , 

'2 2 ' 2 

A)(Y-i) = — aoo-k-i ® + "oo-^o ® Y_i - oiqoYi <g> L_ x 

2 ' 2 ' 2 ' 2 

+a 0fi Y_i g> L + /5 , M ® F_i + /3j >0 F_i <g> M . 
Using the equation [L 2 , Y_i] = — §Y 3 / 2 , we can deduce 

D (Y 3/2 ) = -2a , £i ® n - 2« , n ® £i - ® Y 5/2 - ® £-i 

2 2 o o 

+ 1^£ 2 y_i + _^£y_i ^ l 2 + «o,o-^o <8> Y 3/2 + "0,0^3/2 ® L 

O 2 O 2 

+A,oMo ® ^3/2 + 4,qY 3/2 ® M . 

Applying _D to [L_ 2 , Y3/2] = §Y_i an d noticing Y 3 / 2 ■ D (L_ 2 ) = 0, one has a ,o = 0, which 
yields 

D (Yx) = p 0fi M ® Yi + /3j (0 Yi ® M . 

Now the statement in Proposition 13.11 can be obtained immediately, since L±i, L± 2 and Yi 
is a system of generators of £. □ 
To prove the second part of the main theorem, we need the following lemma. 

Lemma 3.2 Suppose v G V such that x-v G Im(l — r) for all x G £. Then u — doM g) M G 
Im(l — r) for some d G F. 

Proof First note that £ ■ Im(l — r) C Im(l — r). We prove that after several steps, by 
replacing v with v — u for some u G Im(l — r), we shall have t> — d M ® M = for some 
d G F and thus v — oIqMq ® M G Im(l — r). Write v = J2 n e-z v n- Obviously, 

uGlm(l-r) u B 6lm(l-r), V n G -Z. (3.21) 

Then ^2 ne i z nv n = L -v G Im(l— t). By ( 13.21ft . nt> n G Im(l— r), in particular, t> n G Im(l— r) 
if n 7^ 0. Thus by replacing v by u — J2 n e-z* v m one can su PP ose ^ = f G Vo- Write 

u = YA a P L P ® L -p + & p L p ® M -p + c p M p ® L -p + rf P M P ® M -p + e v Y v -\ ® F |-p)' 
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where all the coefficients are in F and the sums are all finite. Since the elements of the form 

Ui jP := L p <S> L_ p — L_ p (g) L p , u 2 , p ■= L p <g> M_ p — M_ p <g> L p , u^ p := M p (g M_ p — M_ p <g> M p 

and u^p := Y p _x ® Yi_ p — Yi_ p ® Y p _i are all in Im(l — r), replacing v by v — u, where u is 
a combination of some Ui jP , u 2tP ,u 3<p and u^ p , one can suppose 

Cp = 0, V p G Z; a p , dp + => p > or p = 0; e p ^ p > 0. (3.22) 

Then t> can be rewritten as 

v= J2 a p Lp® L_ p + J2bp L P® M -p+ E d p Mp®M_p+ J2 e p Y p _i®Yi_ p . (3.23) 

Assume a p 7^ for some p > 0. Choose g > such that q 7^ p. Then Lp+q ® p appears in 
L g • t>, but (I3.22p implies that the term L_ p ® £ p + g does not appear in L q -v,& contradiction 
with the fact that L q ■ v G Im(l — r). Then one can suppose a p = 0, V p G Z* . Similarly, 
one can also suppose d p = 0, V p G Z* and e p = 0, V p G Z. Then ( I3.23|) becomes 

v = E & p^p ® m -p + a o L o ® ^0 + d M ® M • (3.24) 

pez 

Recall the fact Im(l — r) C Ker(l + r) and our hypothesis £ ■ v C Im(l — r), one has 

= (l + r)Li-u 
= -2a (Li ® L + L ® Li) 

+ E ((P - 2 ) Vi - P&p) L p ® m i-p + E ((P - 2 ) Vi - pb P ) M i-P ® ^p • 

pez pgz 

Comparing the coefficients, and noting that the set {p | 6 P 7^ 0} is finite, one gets 

a = b + b 1 = b p = 0, VpG Z\{0,1}. 
Then (I3.24p can be rewritten as 

v = h (L x ® M_i - L ® M ) + d Mo ® M . (3.25) 
Observing (1 + r)L2 • v — 0, one has 61 = 0. Thus the lemma follows. □ 

Proof of Theorem I Q| (zij and (m] Let (£, [•, •], A) be a Lie bialgebra structure on C By 
d3HJ, (USD and Theorem [TJJi), A = A r + D, where r G V (modM <g> M ) and D e V. By 
( TO]) . Im A C Im(l - r), so A r (L n ) + -D(L n ) G Im(l - r) for n G Z, which implies that 
a + a f = 7 + 7 f = 0. Similarly, (3 + ft = by the fact that A r (M n ) + D(M n ) G Im(l — r) for 
jiGZ. Thus, -D(£) G Im(l — r). So ImA r G Im(l — r). It follows immediately from Lemma 
13.21 that r G Im(l — r) (mod M (g> M ), proving the first statement of Theorem ll.2( ii). If 
D G one can easily verify that (1 + £ + £ 2 ) ■ (1 ® D) • D — by acting it on generators of 
£, which shows (£, [•,•], -D) is a Lie bialgebra, and the proof of Theorem II .2( ii) is completed. 
Theorem ll.2( iii) follows immediately from (II. 2p . Definition 11.11 and Lemma [2.21 □ 
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